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Abstract 

The influence of vector backgrounds with restored Lorentz invariance on non-abelian gauge field theories is studied. Lorentz 
invariance is ensured by taking the average over a Lorentz invariant ensemble of background vectors. Like in the abelian case 
0, the propagation of fermions is suppressed over long distances. Contrary to the fermionic sector, pure gauge configurations 
of the background suppress the long-distance propagation of the bosons only partially, i.e. not beyond the leading contribution 
for a large number of colours. 
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I. INTRODUCTION 

Apart from appearances and applications in many 
other fields of physics, vector backgrounds can be used in 
order to incorporate mass dimension two vector conden- 
sates into gauge field theories in a Lorentz invariant way 
0- or, in a different context, in theories breaking 
Lorentz invariance explicitely Q . The latter approach is 
motivated from string p| and non-commutative field the- 
ory 0. Of late, various aspects of mass dimension two 
condensates have attracted attention (see e.g. Q). In or- 
der to incorporate the condensates' influence, the gauge 
field is shifted by a background vector <E>. In general it is 
taken to be constant 0,12, HI , thereby corresponding to 
the long wave-length limit of a more general approach. A 
homogeneous background alone does not break transla- 
tional invariance. In case translational invariance should 
be broken one would have to average over all transla- 
tions in order to restore it. Be this as it may, in any 
single background Lorentz invariance is violated. It has 
to be reinstated by taking the mean over a Lorentz invari- 
ant ensemble of background vectors. A Lorentz invariant 
ensemble is a set of vectors which is mapped onto itself 
under any Lorentz transformation, while, of course, al- 
most every single element changes. In Q, 0, Q it has 
been demonstrated that the elementary fermions and/or 
bosons are removed from the spectrum of asymptotically 
freely propagating particles. Usually the ensembles of 
backgrounds used in the literature 0, 13 contain gauge 
field configurations leading to zero as well as to non-zero 
field tensors. However, the work presented in |l| shows 
that the propagation of fermions is already stopped in 
pure gauge configurations of the background in Euclidean 
as well as in Minkowski space. The present article goes 
beyond the abelian limit and investigates the influence of 
non-abelian pure gauge backgrounds on the propagation 
of quarks and gluons. Here also the restoration of gauge 
invariance is an issue. 

Section discusses the Lorentz invariant weight func- 
tions characterising the ensembles of background vec- 
tors for non-abelian gauge groups and the preservation of 



gauge invariance. Section lTTTl investigates the influence of 
the backgrounds on quarks and gluons for a SU(3) gauge 
group. The main ingredients of the theory, i.e. the gen- 
erating functional for the Green functions (section [ill A|) 
and the two-point functions (section IIII B|) are treated. 
Section llVl summarises the results. 

II. WEIGHT CLASSIFICATION 

At the beginning let us remember some facts about the 
abelian case [lj also needed for the non-abelian theory. 
The Lorentz invariant ensemble of backgrounds is char- 
acterised by a weight function M^($) which appears in 
the averaging prescription (L := J <i 4 $): 

(0) w = f W(<Z>)0, (1) 

which does not change under Lorentz transformations 
and is normalised in such a way that: 

/ W(*) = l. (2) 

Except for when $ = 0, which leads to the unmodified 
theory, all other Lorentz invariant quantities depending 
on the vector $ must be functions of <I> 2 . Thus every 
allowed weight function W can be cast into the form: 

W(&) = c<S (4) ($ 2 )+u>($ 2 ), (3) 

where w is a normalisable function of <I? 2 . 

In euclidean space $ 2 = also means <£> = 0, whereby 
that case could be encoded within we{& 2 ), where the 
subscript e marks the euclidean space. However, here, 
the possible contribution from $ = 0, from the unmodi- 
fied theory is to remain marked clearly and the delta term 
is kept explicitely. Thereby the normalisation condition 
becomes: 

poo 

7r 2 / v dv we(v) = 1 — c, (4) 

JO 



with v := $ 2 . The Lorentz invariant weight functions can 
be decomposed into elementary delta weights 

wf ($ 2 ) := (47rA)-^($ 2 - A), (5) 

according to: 

u; E ($ 2 ) = J 4ttA dX wf(<f> 2 ) iu E (A). (6) 

If in Minkowski space a time ordered formalism is to 
be pursued the basis should be chosen differently. From 

27rW(<i> 2 -A)-S A -(4>)-S+(<i>), (7) 

with the time ordered (+) and anti time-ordered (— ) 
scalar propagators 

S A ± (<I>) = ($ 2 -A±^ e ^\ (8) 

follows that the elementary weight function of choice is 
constructed from the scalar Feynman propagator 5 A ($). 
Yet in Minkowski space the hyperboloid pair defined by 
<£> 2 = const, has infinite content. Thus the minimal nor- 
malisable weight is given by the sum of three terms Q : 

3 

satisfying: Y2j=i a j ~ ®> £j=i a j^j = Oj an( i the nor- 
malisation condition: (47r 2 /4) Y]j— a j^j luAj = 1 — c. 
The subscript m stands for "Minkowski". On top of 
that, the case <fr = cannot be described by a function 
ium = j«m($ 2 ) and must be added in form of a delta term 
where required. 



1. Non-abelian 

In the present article, already at this point the back- 
ground vector is identified with a component of the gauge 
field and the approach is generalised to pure gauge con- 
figurations in non-abelian gauge groups. In the non- 
abelian case the gauge field carries colour. Nevertheless, 
the different Lorentz components of a homogeneous pure 
gauge background commute. The background is to trans- 
form homogeneously under gauge transformations U ■ 
$ a — > U^ a U. Therefore one can decompose the back- 
ground (for the fundamental representation) according 
to: 

^„ = ^U^Q a U^, (10) 

a=l 

where the 0° are N c projectors. Only summations on 
colour indices are carried out, which are marked ex- 
plicitely. The projectors satisfy O a O b = <5 ab O a , where 



5 ab is the Kronecker symbol. Thus a function of the back- 
ground vector $ can be deconstructed in the basis of the 
projectors 6°: 

/($)-^c/te a c//($ a ). (ii) 

o=l 

The gauge dependence resides entirely in the transfor- 
mations U of the projectors O a . The <!> a being gauge in- 
variant quantities one can study each addend separately. 
Averaging each of them over its proper weight yields: 

(/(<&)> { An = E & / w^(* a )tt* a ), (12) 

where 9^ := WQ a U. This is the same as introducing 
the product weight function: 

N c 

W {A « } ($):= n^C**) (13) 

a=l 

and integrating over the (R 4 ) , because every single 
weight W\a(& a ) is already normalised. 

In situations where the gauge invariance of the result- 
ing quantity is required, it can be ensured by averaging 
over all gauge transformations U of the background $: 

u(U^e a U)u := J [dU]U^e a U = uN- 1 , (14) 

where u stands for the volume of the gauge group. The 
result is proportional to unity in the corresponding space, 
because all non-singlet contributions drop out. That re- 
sult finally leads to: 

((fm { A°})u = N- 1 Y, W A «(<S> a )f(<P a )- (15) 

If all A a are the same the abelian case is recovered. Gauge 
invariance can already be achieved by taking the average 
with the weight W if it, in itself, is gauge invariant. In the 
event where W is gauge invariant calculating the mean 
over the gauge group does not change the result anymore. 

For the fundamental representation of a U(N C ) gauge 
group all ingredients for the averaging procedure have 
been presented above. In the case of a SU(N C ) gauge 
group an additional constraint arises from the traceless- 
ness of the generators: XL=i < ^ >a ~ ®- ^ s incorporation 
leads to a coupling of the channels and thereby to a mod- 
ification of Eq. (|12|l which can be expressed by the weight 
function: 

/ n c \ N c -1 
Wffl a} ($) := <5 (4) [J2^ a x II ^A«($ a ). (16) 

\a=l / a=l 
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2. Adjoint representation 

The background for bosonic correlators transforms un- 
der the adjoint representation of the gauge group. The 
adjoint representation of the SU(N C ) can be embedded in 
the fundamental of the SU(N C 2 - 1) or the U{N C 2 - 1). 
At the end the relevant result is extracted by imposing 
additional constraints. In general, members of the ad- 
joint representation of SU(N C ) are hermitian and anti- 
symmetric. Therefore the eigenvalues either vanish or 
come in pairs with opposite sign |Ioj . 

For the adjoint representation of SU(2) embedded 
in U (3) this means that the combination of eigen- 
values (f) 1 — —(f> 2 and (f) 3 — always exists simultane- 
ously. For the adjoint representation of SU(3) embed- 
ded in £7(8) one has (j) 1 = -</> 2 , <j) 3 = -<j) 4 , <f> 5 = -</> 6 , and 
cf) 7 = = c/) 8 ^3 • This induces the following form for the 
average: 



(/(0)>?aT 



u +1 )f(r) 



aeM 



$)/(0), 



(17) 

with 6 a the U(N C 2 - 1) projectors, M := {1;3;5}, and 
where use has been made of the fact that W is an even 
function of <fi a . In the case of the adjoint representation 
taking the average over the gauge group yields a prefactor 
(iV c 2 - l)" 1 instead of 7V C _1 . 



III. QCD WITH THE BACKGROUND 
A. Generating functional 

The generating functional for the time-ordered Green 
functions of QCD reads: 



Z — Z m tZ aZ x Z^ 



(18) 



with the interaction part Z lnt , whose non-fermionic part 
depends on the chosen gauge and will not be specified 
here. The other (free) factors are the bosonic 



Z A = exp <j - / J(x) ■ T (x - y) ■ J(y) \ , (19) 



the ghost 



z x = cx P j-*^ r(z)r (z-2/)£G/)}, (20) 

and the fermionic part 

Z^ = exp\-i fj(x)G {x - y)rj(y) \ , (21) 



x.y 



with the free boson propagator v (x — y) , the free 
ghost propagator Tq (x — y) , the free fermion propaga- 
tor Gq(x — y), as well as the currents J, £, £*, ?y, and 
fj. 



The background is included in the theory by trans- 
lating the gauge field A by the background $ — 
— > A^ + ^ — and afterwards taking the mean over 
the ensemble of these vectors and restoring gauge in- 
variance with respect to gauge transformations of the 
background. Doing so leads to the modified generating 
functional: 



w u, 



(22) 



with the different parts evaluated in a single background 
4>. The non-interacting factors are obtained by replacing 
the free two-point functions by those in a single back- 
ground <&. They shall be defined in the next section. 
Zj* t contains all terms of third and fourth order in the 
dynamic fields. Its $ dependence originates from the 
four-gluon vertex with three dynamical gluon legs and 
one coupling to the background. The propagators stud- 
ied in the following section are obtained by taking the 
functional derivatives of the above generating functional 
with respect to the corresponding currents. 

In Eq. (1221 a common mean over the sectors of the 
generating functional transforming under the fundamen- 
tal and the adjoint representation of the gauge group, 
respectively, is taken. For this reason a connection has 
to be made between the averages calculated with the 
weights ijTol and Eq. l(T7|) . respectively. Especially this 
fact is important if correlators are to be calculated that 
involve bosonic and fermionic fields simultaneously. In 
SU(3) one has the connection [Tof : 



with 



2(<^) 2 = V[1 + cos(^-tt/3)], 
2(0") 2 = Vf 1 + +f/3)]> 



cos 3 (^) = 18(V)" 3 ri(^) 2 



(23) 



(24) 



This relationship holds separately for each Lorentz com- 
ponent, which is why one does not sum over the index 
/j, anywhere in the previous equations. These relations 
allow to construct the corresponding weight for one rep- 
resentation from the weight function for the other. 



B. Two-point functions 

A principal ingredient of the modified generating func- 
tional and thereby of the modified theory are the two- 
point correlators in the background. They also serve to 
establish the link to the results presented in p|. 

With the usually made assumption that all other con- 
densates be absent 0, Q the fermionic propagator in the 
background obeys the equation of motion 

[i P(x)+ $-m]G*(x- y) = 5 {i) {x - y). (25) 
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Its solution in a pure gauge background is given by: 

G 9 {z) = e i *-*G Q {z), (26) 

where Go (z) is the solution of the free equation. 

The bosonic and ghost propagators depend on the 
chosen gauge. The gauge-fixing contribution to the la- 
grangian density in background-field Feynman gauge is 
given by (this time summing over all colour indices): 

£gf = -\{[d» - i^„] ab A b ^}{[d v - i* v ]°°A a '}, (27) 

which is Lorcntz covariant. Without further spontaneous 
symmetry breaking, i.e. with (A) = 0, the equation of 
motion for the gluon propagator reads @: 

[d(x) - i$] • [0(a) - i$]T% v {x -y) = S (4 \x - y)g^(2&) 

where matrix multiplication of the colour matrices is un- 
derstood implicitcly and the " indicates that the adjoint 
representation has to be used. In the same gauge the 
ghost propagator obeys the equation of motion Q : 

[d(x) - i$] • [d(x) - i$]r$(a; -y) = S^(x - y). (29) 

Therefore one has in background field Feynman gauge: 

T^(x-y)=g^T 9 (x-y) (30) 

and it is sufficient to study one of the two propagators, 
e.g. the ghost propagator T(x — y). In a pure gauge back- 
ground one has then: 



r*(*) 



„i<E>-z 



• 2 r (z), 



(31) 



with Tq(z) the solution of the background- free equation. 

As had already been seen in the abelian case the 
Fourier phases of the propagators in the background 
$ lead to the averaging procedure being identical to a 
Fourier transformation of the weight function. For this 
reason, in coordinate space the n-point functions of the 
modified theory are the n-point functions of the the- 
ory without background multiplied by a n-point function 
which is the Fourier transformed weight. The latter is a 
genuine n-point function. That means that even if in the 
original theory the higher correlators factorise into lower 
ones, they will not in the modified theory. Thereby es- 
pecially if the original theory should display gaussianity 
on a certain level, the modified theory will not. 

There are other situations where such field configu- 
rations play a role. The zero components of aforesaid 
Fourier phases resemble chemical potentials 1] . The spa- 
tial components are similar to what one encounters for 
twisted boundary conditions on compact spaces |ll| . In 
a colour superconductor a field configuration correspond- 
ing to a zero field tensor serves to restore its colour neu- 
trality [ill . 

The theory in the pure gauge background can be seen 
as one with a modified vacuum structure without back- 
ground energy density. One could express this by writing: 



(0\T<ip n ip n A n |0) 



=: (n\T^ n i(j n A n |fi), (32) 



where |fi) represents the non-trivial vacuum. The 
vacuum expectation values of the modified theory 
(fi|0|fi) are the averaged vacuum expectation values 
((0|O|0)|$)w each in a single background. 



1. Euclidean space 

Computing the average of the fermionic propagator 
(|26|) according to Eq. Ijlfijl [U(N C )] with the elementary 
weights |JS), choosing c = 0, and averaging over the gauge 
group leads to: 



N c ■ 



«G*(*))? A . } )u = ^T 1 E Sm% ^f G (z) (33) 

a=l VA Q Z 2 

In a SU(N C ) gauge group the result reads [see Eq. (|TT)|) ]: 



({G*(z)f { fV) v =N- 1 J2 



sin ■ 



G (z) + 



N c -1 



+N c - 1 G (z) J} 



sin V A a z 2 



a=l 



(34) 



For large distances \/z 2 1 the propagator is damped with 
respect to the free one. At short distances y/z 2 the free 
propagator is recovered. In momentum space this mani- 
fests itself in the on-shell pole being removed and a pole 
proportional to l/\/A? being introduced 0. The elemen- 
tary fermions are no longer part of the spectrum of freely 
propagating particles. 

This result resembles the one for the tree-level propa- 
gator in 0,13- However, there, as opposed to here config- 
urations of the gauge field were taken into account that 
lead to a non-vanishing field tensor. The weight used 
there W / hp( < I ) ) ~ exp(— $ 2 /A 2 ) but constrained to zero 
field tensors in coordinate space gives [U(N C )): 

«G*(«))ip)y = exp[-z 2 A 2 /4]G (z), (35) 



((G$(z))hp U )i7 



or in a SU(N C ) gauge group: 

{(1- A c - 1 )exp[-z 2 A 2 /4] + 

-z 2 A 2 (A c -l)/4]}G (z), (36) 

which for a large number of colours N c reduces to the 
U(N C ) result. Again the propagation over large distances 
is suppressed while the free propagator is obtained 



-A^ 1 exp 



for V z 2 — > 0. 

As Eq. I|26|l is satisfied by every fermion propagator 
which is a singlet of the colour group, the previous result 
holds for those correlators, too. If a fermionic two-point 
function g(x — y) should not be colour neutral, in general, 
the projectors 0° do not commute with the correlator. 
This leads to a breaking of translational invariance: 



,-i$-V — 



9<f{x -y) = e +mx g(x - y)e 

N c 

= £ e l ^ a x -* b ^& a g(x~y)O b (37) 



a,b=l 
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As mentioned above it usually would have to be restored 
by averaging over all translations. However here it is 
already required to take the average over the gauge group 
anyhow. This is equivalent — up to a factor — to taking 
the trace over the colour matrices: 

N c (e a g(z)e b )u = tr{9 Q g(z)e b } = tv{e a g(z)}6 ab (38) 

which is non-zero only for a = b due to the projection 
properties of the O a . Therefore translational invariancc 
is restored. Enforcing Lorentz invariance, for example, 
in the case of a U(N C ) gauge group leads to Eq. Ip!3^l 
but where the free propagators Gq(z) are replaced by 
ti{Q a g(z)}. That means that also here the propagation 
is stopped at large distances and almost free at short 
distances. 

In background field Feynman gauge for the present in- 
vestigation it is sufficient to study either the gluon or 
the ghost propagator. Let us take the latter. Calculat- 
ing the average of the ghost propagator (|3 1|) according to 
Eq. (|17fl with the elementary weights JSJ, choosing c = 0, 
and averaging over the gauge group yields: 



«T*(*)) 



fr (*) 1 + 



a<EM 



(39) 



The free propagator is recovered for short distances V 
Six of eight channels are suppressed at large distances 
yz 2 while the two belonging to the zero eigenvalues re- 
main freely propagating. Contrary to the fermions, which 
belong to the fundamental representation of the gauge 
group, the ghosts and gluons can be kept from propagat- 
ing only partially. In momentum space the suppressed 
channels behave like the fermionic propagators in the 
background, i.e. the on-shell pole is absent and a pole 
1/Vfi? present. 

These results hold for every ghost/gluon propagator 
that is a colour singlet. If it is not, translational invari- 
ance is restored due to the average over the gauge group 
being taken, with the analogous consequences as for the 
non-singlet propagator in the fermionic case. 

In for gluons in background configurations with, in 
general, non-zero field tensor and evaluated at leading 
order in N c _1 no residue of freely propagating bosons is 
found. Already for fundamental reasons this cannot be 
due to the specific form of the weight. This can also be 
seen directly because two free channels remain again in 
the spectrum, if it is used within the present framework: 



«r*(*)> 



E.SC/J 
HP 



= -r (z){l + 3cxp[-z 2 A 2 /4]}.(40) 



Thus the origin of this difference with respect to Q 
could be the non-zero field tensors. In the case where 
the Lorentz components of the background vector do not 
commute — i.e. if the field strength is finite — a simulta- 
neous diagonalisation of all Lorentz components is im- 
possible. Then products of matrices can occur which do 
not belong to the adjoint representation, which is not 



closed with respect to matrix multiplication of its mem- 
bers. Thereby the necessarily existing zero eigenvalues 
of the adjoint representation could be avoided and the 
propagation of the gluons be stopped entirely. However 
as the number of eigenvalue channels in the adjoint rep- 
resentation equals N c 2 — 1 and the multiplicity of zero 
eigenvalues is N c — 1 they are of subleading importance 
for large values of N c and go unnoticed in an analysis 
based on the leading order of an expansion in N c _ 1 . 



2. Minkowski space 

Taking the average of the fermionic propagator l|26|l ac- 
cording to Eq. (|15f) [U (-/V c )] with the elementary weights 
©, choosing c = 0, and averaging over the gauge group 
yields: 

N c 3 

((G*(z))Y An )u = N c -'j2Y, a >i3 (*) G °(*)> ( 41 ) 

with sX(z) := 4tt 2 v / AKi(\/AV-^ 2 + ie)/V-z 2 + ie. In 
a SU(N C ) gauge group the result becomes [see Eq. lfH))l]: 

N c -1 3 

((G*(z))¥l™) u = N- 1 £ (z)G (*) + 



a=l 3=1 



iVc-1 



+ at - n 



3=1 



G (z).(42) 



For z 2 = the previous expressions reduce to the free 
propagator. For large absolute values of z 2 the prop- 
agator is suppressed at least proportionally to |z 2 |~ 3 / 4 
p| with respect to the free propagator. Therefore the 
fermions cannot propagate over arbitrarily large dis- 
tances. 

Like in the abelian case all terms for the U(N C ) gauge 
group correspond to contributions of scalars to the self 
energy of the fermion without external legs, thereby indi- 
cating that no freely propagating particles are described. 
For the SU(N C ) gauge group the first terms have the 
same interpretation. Only the last one corresponds to a 
sum over multiple (N c — l)-loop contributions of scalars 
to the self energy of the fermion once more without ex- 
ternal legs. Thus what was said concerning the absence 
of freely propagating particles remains valid. 

Computing the average of the ghost propagator i|3~T|) 
according to Eq. (|17|) with the elementary weights 10, 
choosing c = 0, and averaging over the gauge group 
yields: 



a£M 3=1 



(.43) 



For small absolute values of z 2 the free propagator is re- 
obtained. At large absolute values of z 2 two (N c — 1) of 
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the eight (iV c 2 — 1) channels remain unaltered and cor- 
respond to freely propagating gluons. 

The terms for which the propagation over long dis- 
tances is suppressed again do resemble the contribution 
of scalars to the self energy of the considered particle — 
which now is the gluon/ghost — without external legs. 

The observations for ghosts and gluons remain the 
same in all background field Lorenz gauges. For those the 
ghost propagator (pHJl stays the same. In the gluon prop- 
agator only the free part Tq V {z) changes, which leaves 

the envelope function W(z) unchanged. 

Also in Minkowski space the above findings are valid 
for every propagator that is a colour singlet. For non- 
singlet propagators, translational invariance is recovered 
after the average over the gauge group has been taken. 
The consequences remain the same as in euclidean space. 

IV. SUMMARY 

Non-abelian gauge field theories have been studied 
whose correlators are defined with an additional average 
over a Lorentz invariant ensemble of homogeneous vec- 
tor backgrounds. The ensembles are constrained to pure 
gauge configurations of the background. For the fermions 
their presence suffices in order to ascertain that they do 
not propagate freely over large distances at all, neither 
in euclidean nor in Minkowski space. This finding coin- 
cides with the one for abelian gauge groups [ll and the 
one obtained admitting non-zero field tensors [2, 0] • For 
the gluons the propagation over long distances can only 
be stopped in some channels. Those remaining free have 



zero eigenvalues which are always present in the adjoint 
representation but subleading in N c . The gauge fields as 
opposed to the fermions have to transform under the ad- 
joint representation as a consequence of the requirement 
of gauge invariance, whence the presence of channels of 
propagation escaping suppression over long distances in 
this framework is unavoidable for the gauge bosons. Nat- 
urally, in the abelian case the bosonic propagator was 
unaltered altogether jj. The results in the present ar- 
ticle for the propagators in pure gauge backgrounds do 
not only hold for the correlators to all orders in the back- 
ground and otherwise at tree-level but for every colour 
singlet or non-singlet propagator and consequently also 
for the full one, i.e. to all loops. 

In Minkowski space the contributions which do not de- 
scribe freely propagating particles resemble contributions 
of scalars to the self energy of the particle without exter- 
nal legs. This fact confirms the interpretation concerning 
the non-propagation. 

The feature that the propagation over short distances 
remains essentially unchanged while it is modified over 
long distances is shared by non-commutative field theo- 
ries preserving Lorentz invariance fl3| . 
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